ON THE FREE MODULAR LATTICE
GENERATED BY 2+1+1

BY YOSIKAZU IWAMOTO

In this paper, we shall solve the probrem 29 in Lattice Theory

by G. Birkhoff.

DEFINITION 1. A lattice is a system of elements which satisfy
the following identities.

Ly xUx=2x, and xNa==x.

L,. xUy=yU=z, and aNy=y\x.

Ly. xJ(yUz)=(Uy Uz, and xN N2 =&Ny) Nz
Ly xJxNy) =% and N (xUy) ==x.

DEFINITION 2. A lattice is called modular if and only if its
~ elements satisfy the following modular identity.
Ls. It <z, then 2U(yN2)=(Uy) Nz.

THEOREM 1%, The free modular lattice generated by x,>zx,>x,
and y,>y, has 33 elements.

THEOREM 2%*. The free modular lattice generated by x,>x,>x,
and y,>y,>y,; has 68 elements.

We shall now determin the free modular lattice generated by
2+1+1.

THEOREM 3. The free modular lattice generated by =z, >x, «
and B has 138 elements, and the diagram of the following figure.

Proof. Let us agree to the following designation.

I:xIUaUB3

a;=x Ua)



a=rUB,

a=x,Uals,

by=x, U ((x;Ua) (N B),
by=xU(x N aUp)) Ua,

b= x,U (N (aUB)) UB,

by=alB,

ci=xUJ((x.Ua) B U (2, UB) Na),
=21 (21 NB) Ua,

cs=2U @ N@Us)UxUa)s),

cs= (N (aUB)) Ua,

=2, U Ny UBs,

ce= (2N (aUB)UB,

di=zx(a18),

do=2:U (2N (aUB)) U (xUB) N U((xsUa) N A,
dy=2x.Ua,

di=zx1) (1N U (2 UB) Nea),

d;= (%1 (aUB) UM Ua,

ds=x;UJ (21 Na) U (2, Ua) 18,

d.=(x N (U Ux,Ua)NB),

ds=x,UB,

d;= (2.1 (@UB)) U (@ Na) UB,

er=xU (x:N(aUB)) U s,

e;=x, ) ((x;UB) Na),

es= (220 (aUB)) Ua,

e,=2,U(xNa) U2, N8 U (2 Uad N U ((2UB) N,
e;=(x:NaUB)) U ((xUB) N U((xUa) N B,
es= (22N {aUB U N Uz UB Na),
e;=(x,NB) Ug,

es=x U ((x;Ua) (1 8),

;= (2N (@UB) U (2, Ne) Uz, Ua)NB),
es0= (2 (@2UB)) UB.

en=(x N UBS,

fHi=zU N @Up)),

fe=2U@ N U@ N Ulans,



fi=(x N aUp)) Uang).

fi=x U@ N UxUa)NB),

fe= (e (aUB)) U UB) Na),
fo=(z1NBN{xUa)) Ua,

fi=x, U N U(xUB Na),
fi=Ex N UE N U U N UzU Na),
fo= (N8 Uz, UB) Na),

Sfro=(x:N (@Up)) U ((x1Ua) N8,
=N Uz, U NB),
frz=(x:NaNxUB)) US,

gi=x:Ux N U N8,

go=x:U (N U aNB),

g=xU@ N U Ns),

gi= (2N (aUB)) U@ Ne) U N UlaNs),
gs=2xU((x:Ua) N U ((x:UB) Na),
ge=(x:Na) U((x:Ua) NBY U (xUB)Na),
g:=(xNeN(x:Ua)) Uz UB) N,

g:= (%18 Ua,

=N NxUa) N Uz U Na),
gow=x N U N Uz U Na),
gu=(Na) U N U(xUad 8,
gr=(xNaN (UL U ((x;Ua) (N B),
g15=(x:Na) UB,

hy=2xU (2, N BN (2 Ue)) U (a18),

ko= (U NB8) U ((xUB) N,
I=2z,J(aNB),

mi=x, (x,(a),

me=21J (2,11 8),

mz= (%1 (aUB)) Uz Ne) U(aNB),

my= (x2(1 (¢UB)) Uz NB) UlaNB),
ms=(x; o) U (2, 18N (xUa)) U ((x:UB) Na),
ms= (x1Na) U ((x2Ua) N B),

my =z 8) U ((x,UB)Na),

m;=(x(18) U ((xz2UB) Na),
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my== (2, (18) U ((ry NN (2 UB)) U ((x:Ua) (N B),
mypo=(x:e) U (e Uad N B,
=z.Nal8,
a1=x:a,
a's=2x:018,
a's=xNalB,
b=z (&N UR),
bo=zx1 (2 UaNB)Na,
ba=x: (xUCaNB))NB,
bi=allB,
1=z Uz N U N (=N Ua),
o= (2:UB) Nea,
¢’5= (2 U (a8 N {2 UR) Nxy,
¢’s= (U @B Na,
c's=x21 (U 8,
¢’s=(xU (a8,
dr=x:(alUp),
d'y= 2,1 (U (@M B N (N Uad N (N UB),
d's=zxza,
dy=z 0V (xUp) N ((x2N8) Ua),
d's=(xU@Np))NUs Ny,
de=2x[1 (22U N ((xzNa) UBD,
di=(z, U @NB)) N ((x:Ne) UB),
d-’gz—; 2 ﬂ B,
dy=(xUens)NEUa e,
¢/i=x,N (& UNp)) N U,
¢s=z 1 (B Ua),
e's=(x;UanNp))Na,
¢/y=z N (x:Ua) N (UL N ((riNed U N (&8 Ue,s
e’s= (20NN UaNBUa) N (xNa)UB),
¢'s= (%, (a8 N (x:UB) N ((x2NB) Ua),
¢z= (228 Na,
er=2x{(x:Ne)UB),
e’o= (2, U@NB)NxUa) N ((xNa)UB),



¢ o= UNB))NBA,

en=C(x:Ua) 8,

Fri=20 U @NB),

Fa=x:NxUa) N x:UB N (aUB,
fla=(xUNp) N aUs),

=20 (xUa) N (e Nay UB),

fls= i U@NpdN(xNp Ua),
fle=(x,UBUx Na) Na,

=2, N (U N N Ua,

= (xUa) N (2 Us) N (e Nad U N ((x:N8) Ua),
flo= (U N (2N 8 Ua),

o= UnNg) N ((aNa s,
Fru=Ua) N ((xa) U,

o= UaUlx,Ne)NA,

ghi=xN UM (x.UB),
g=xN(xUa) N (aUp),
gs=x(x.Up) (2 UB),
g'1=(x,UnNp))N @Ua) N U N eUs,
gs=xN (N U N (e NB) Ua),
g'e= (2 Ua) N Uz Na) U Nz N B) Ua),
g =(xUsU(x,Na)) N ((xN B Ua),
g's=(x UB)Na,

go=(x,UB) N {x,Ne) U N ((x:NB) Ua),
g'10=(x:UB) N xUa) N (18 Ua),
g'n=, U N x U N (2 Ned UB),
ge=(xUalU(x:Ne)) N ((xNad UB),
g's=(x Ua) N8,

B =2 (2 UBU (x1Ne)) N (aUBD,
o= Ny U N UxiNB) Ua),
U'=xN(aUB).

It is obviously that the join and meet-functions diagramed in
figure are all consequence of Ly~Ls.

In fact,



b=z Ugs=a1MNay,
by=x;UaUl'=a,MNas,
by=2x,UBUI =as[as,
c=xJI"Ug's=aNasNas,
c,=1"Ua=a;Mb,,
s=1"UB=asby,
dy=2x,Ul'Ue’sUe’y=asNey,
di=2x,Jd/Ug’s=ase¢s,
ds=d'\Ud'sUa=b,(\cy,
ds=xUd3Ug" 1s=a:1(\¢s,
d;=1"Ug"15=b1(by,
dy=d' Ud's1UB=c;5(\b,,
er=xUlUby=dNas,
e:=x;1Jg's=a,Nds,
es=d’yUa=d;[ by,
e.=2x,Ud'sUd'sUe’yy Ue's=c5N ey,
es=1"{e' Ue'r=ciNby,
es=d'y Ud/sUg,8:d4ﬂb4;
e;=xUgs’ =aNd;,
e,=dy Udy' g’ =da()by,
ew=d1UB=d;MNby,
fi=x Ul =xas,
fe=xUd sUd' s Ub y=d Ny,
Sa=1"Ub y=d\ b,
fi=xUd'sUe’ v1=ds[cs,
fo=d'1Ug’'s=esNby,
fe=c'sUa=ds;Ne,
fi=x,Ud'sUe’z=cds,
fa=d'sUd'sUe’ 1 Ue’r=e by,
fo=d'sUg's=ases,
fro=d" 1Ug" 1z=e;3( by,
| n=d'sUg"s=aiNey,
friz=c",UB=d;Ney
glzszd’sUd'sleﬂcm

b/1:x1§/ \;glgj(lllualg,

bi=xalil=aUd's,
Os=xN1BI=a"s{Ua's,
c’s=x,1Ng=a UasUds,
=INa=a by,
e=1NR=a-1Jb'y,
ds=x,11Ne:Ney=a’'slUc’y,
d\=x1d,Ng;=a'sUc's,
d's=d\NdsNa=byUc's,
d's=xds(1gis=a’sUc’s,
d-=1Ngis=bUb's,
d'o=d,d;\B=c"sUb'y,

¢ 1=x,111\by=d"1Ua’s,
es=xUgs=a’sUd's,
e’g——»d} ﬁazd’gUb'4,

e v=x,1dx(VdsNen{le;=csUcy,

s=1Nen e =c' 1 Uby,
e’s=ddsNgs=d,Ub'y,
ev=xg=aUds,
¢o=d,\ds{1gn=d's Jb's,
¢ o= B=d'sUby,
=z =x"sUa’s,
Fo=x.1d3\d;Nby=d'3Uc >,
fls=INby=d Uy,
Fa=zNdsNey=d'sUc’s
Fls=dNgzs=e/sUby,
Te=cs(va=d's ey,
Fe=xdNer=c"sUds,
Fa=dsd;e Ne;=e'y Uby,
fo=dsNgs=a’sUé,
fro=d[gn=e¢sUby,
Fu=dsNgun=a1Ue' 1,
F=cB=dsUe y,
g'r=x01d:Vds=x2\Uc",
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go=x:Ud'sUb y=d\[dy,
gs=2xUd sUb'y=d[d;,
ge=d' Ud'sUd' s Ub =11ty
gs=x:Ue'nUe-=d;Nd;,
ge=dsUe 1Ue"-=ds[Nesl 1y,
g:=c'sUg’s=dsaxlle,,
g:=d'sUe /U’ n=d:MNe:Uby,
gu=dUdsUe’-=c;5(e;,
gu=dsUd'sUe n=c:( ey,
gu=c:Ugis=dNeNey,
hi=2,Uc’sUby=d\(d;ds,
hy=e';Ue’ (1 =dsd; by,

) m =%, Ud's=x.{\d;,
my=2%Ud's=2x1d,,

my=d' | Jd'3\ b’ =d [ d3[) by,

ms=d'sUc’sUe’:=ds[cs( e,
me=d's\ e’y =ds[ e,
m:=a’'sUg’s=a:(\g:
mS:dlsﬂe/'(:djﬂe[,

g’z=x1ﬂd3ﬂb4:d’1ud’3,

gs=mNdNb=d Ud,

g’4=d10d3ﬂd;ﬂ b4:f/2Ub’47
g's=xNenNe;=d'sUd's,
g’s—_*dsﬂ e ﬂe,:d’3Uc’5Ub’4,
g'i=csNgs=d'sUa’" e,
go=dNe:Nen=dsUc’sUb s,
g'o=dsNd,Ue;=c's\Ue’s,

g’ n=dsNdNey=c2Ue'y, _
ge=cNgu=d:Ua’ Ue,
Bi=xNesNby=d1Ud'sUd’,
h’z;ezmeu?dlsudlsub’b

mo=d's\Uc’2Ue’ 11 =d;sNcsNens,

mp=a’1Ug's=a. (g

* %% These results are due to author: cf. Annual Reports of Studies, Osaka
Joshigakuen Junior College, No. 2, (1958). '



